The pedal of a curve in the Euclidean plane is a classical subject which has a singular point at the inflection point of the original curve. The primitive of a curve is a curve given by the inverse construction for making the pedal. We consider relatives of the primitive of a plane curve which we call primitivoids. We investigate the relationship of primitivoids and pedals of plane curves.
Introduction
For a regular curve in the Euclidean plane, the pedal of a plane curve is the locus of the points on the tangent line of the curve, which are given by the projection image of the position vector of the curve along the normal direction. A point on the pedal determines the tangent line of the original curve at the corresponding point. Therefore, the passage to the pedal is sometimes called the formation of a "derivative". The inverse operation is called the formation of a"primitive". The primitive of a curve in the plane is the envelope of the normal lines to its position vectors at their ends (cf. [1, pp. 91] ). It is known that the singularities of the pedal correspond to the inflection points of the original curve. In this paper we introduced the notion of the anti-pedal of a curve whose singularities also corresponding to the inflection points of the original curve. Moreover, we show that the primitive is equal to the anti-pedal of the inversion image of the original curve. In [7] we defined the φ-pedaloid of a curve as the locus of the points on the line with a constant angle φ to the tangent line of the original curve which are given by the projection image of the position vector of the original curve along the normal direction of the line. Therefore, the π/2-pedaloid of a curve is the pedal of the curve. Then the family of φ-pedaloid is called the pedaloids. The notion of pedaloids is an analogous notion of evolutoids in [6] . In [7] we investigated the relation between pedaloids and evolutoids of a curve. In this paper we also introduce the notion of primitivoids of a plane curve, which are relatives of the primitive. There are two ways to define the primitivoids. One is called a parallel primitivoid. For r ∈ R \ {0}, the r-parallel primitivoid of a curve is defined to be the envelope of the family of normal lines to its position vectors at their r times the ends. Another is called a slant primitivoid. For φ ∈ R, the φ-slant primitivoid of a curve is defined to be the envelope of the family of lines with the constant angle φ to the position vectors at their ends. We give the exact parametrizations of both of the r-parallel primitivoid and the φ-slant primitivoid of the curve. In [7] we have drawn the pictures of pedaloids which have complicated shapes. By definition, the shape of the primitivoids might be also complicated. However, we show that the shapes of all primitivoids of a given curve are similar (cf. Theorems 3.1 and 4.4). We remark that the primitivoids and the evolutoids of a circle around the origin are the same (i.e. concentric circles). However, these are quite different for general curves. The notion of primitivoids is deeply related to the notion of apertures of plane curves (cf. [8] ). Finally we extend the notion of primitivoids for a kind of singular curves (i.e. frontals) in the plane.
Pedals, anti-pedals and primitives
In this section we quickly review the properties of pedals and primitives. Moreover, we introduce the notion of anti-pedals which plays an important role in this paper. Let γ : I −→ R 2 be a unit speed plane curve, where R 2 is the Euclidean plane with the canonical scaler product
The norm of a is defined to be a = a, a = a 2 1 + a 2 2 . Then we have the Frenet formulae:
where t(s) = γ ′ (s) is the unit tangent vector, n(s) = Jt(s) is the unit normal vector and κ(s) =
The pedal curve of γ is defined to be Pe γ (s) = γ(s), n(s) n(s) (cf. [3, Page 36]). Since
, the singular points of the pedal of γ is the point s 0 where γ(s 0 ) = 0 or κ(s 0 ) = 0 (i.e. the inflection point). If we assume that γ does not pass through the origin, the singular points of the pedal Pe γ are the inflection points of γ. Therefore we assume that γ does not pass through the origin. By definition, Pe γ (s) is the point on the tangent line through γ(s), which is given by the projection image of γ(s) of the normal direction. Thus, Pe γ (s)−γ(s) generates the tangent line at γ(s). The primitive of a curve γ in the plane is the envelope of the normal lines to its position vectors γ(s) at their ends (cf. [1, pp. 91] ). For a unit speed plane curve γ : I −→ R 2 \ {0}, we define a family of functions H : 
The pedal and the primitive of a regular curve generally have singularities. Then the primitive of the pedal and the pedal of the primitive for the regular part is well defined, respectively. Suppose that Pe γ and Pr γ are regular curves. Then we have Pr Peγ (s) = Pe Prγ (s) = γ(s). These arguments for singular cases can be naturally interpreted by using the notion of frontals in §3.
On the other hand, it is known that the pedal is given as the envelope of a family of circles as follows: Let G : I × R 2 −→ R be a function defined by
If we fix s 0 ∈ I, G(s 0 , x) = 0 is the equation of the circle with the center 1 2 γ(s 0 ) which passes through the origin.
For a fixed s ∈ I, g s (x) = G(s, x) = 0 is an equation of a circle through the origin. Therefore the inversion image of it is a line. We define the inversion Ψ : R 2 \{0} −→ R 2 \{0} at the origin with respect to the unit circle by Ψ(x) = x x 2 . Then we have Ψ(g −1 s (0)) = {x | x, γ(s) = 1}. Thus, we define a family of functions F :
so that F = ∂F/∂s = 0 if and only if
We define a mapping APe γ :
which is called an anti-pedal curve of γ. By definition or a straightforward calculation, we have Ψ • APe γ = Pe γ and Ψ • Pe γ = APe γ . We have the following proposition. This completes the proof. ✷ Since Ψ is a diffeomorphism, the pedal Pe γ and the anti-pedal APe γ = Ψ•Pe γ have the same singularities, which correspond to the inflection points of γ. Therefore, the singularities of the primitive Pr γ = APe Ψ•γ correspond to the inflections of the inversion curve Ψ • γ. Therefore, we now calculate the curvature of Ψ • γ.
Let σ be the arc-length parameter of γ. Then dσ/ds = 1/ γ 2 . We also have
It follows that n = J t = 2 γ, t γ, n t + ( γ, n 2 − γ, t 2 )n γ 2 .
By the Frenet formulae and the relation γ = γ, t t + γ, n n, we have
so that the following corollary holds. Corollary 2.3. For a unit speed curve γ :
Thus the above corollary asserts that the vertices of γ and Ψ • γ are the same. It is known that the vertex of a curve is the point where the osculating circle has four point contact with the curve. Since the inversion Ψ is a conformal diffeomorphism, it sends the osculating circle of γ to the osculating circle of Ψ • γ. Therefore the above result is reasonable. By definition, a point s 0 ∈ I is an inflection point of γ if and only if κ(s 0 ) = 0. We also have the following corollary.
We now consider the geometric meaning of the condition κ(s 0 ) γ(s 0 ) 2 + 2 γ(s 0 ), n(s 0 ) = 0. We assume that γ(s 0 ), n(s 0 ) = 0, so that κ(s 0 ) = 0. The center of the curvature at s 0 is given by
The osculating circle of γ at s 0 is defined by the equation
Therefore, the osculating circle contains the origin if and only if
The last condition is equivalent to κ(s 0 ) γ(s 0 ) 2 + 2 γ(s 0 ), n(s 0 ) = 0. Therefore, we have shown the following lemma. We remember that the osculating circle of a curve at a point is the circle which has three points contact with the curve at the point. If the osculating circle passes through the origin, the inversion image is a tangent line of the inversion curve which has three points contact. This means that the point is an inflection point of the inversion curve. Therefore the above result is also reasonable.
We now consider the singularities of primitives. We say that γ(s 0 ) is an ordinary inflection of γ if κ(s 0 ) = 0 and κ ′ (s 0 ) = 0. Then we have the following theorem.
Then the following conditions are equivalent:
(1) The primitive Pr γ around Pr γ (s 0 ) is locally diffeomorphic to the ordinary cusp,
is not a vertex γ and the osculating circle of γ at γ(s 0 ) passes through the origin,
Proof. By Proposition 2.7, conditions (2) and (5) Therefore, the r-parallel primitivoid is parametrized by
which is denoted by r-Pr γ (s). Since
we have the following theorem. This completes the proof. ✷
Slant primitivoids
Following the definition of the evolutoids of curves in the plane [6] , we introduced the pedaloids of curves in [7] . For ψ ∈ R, define Pe[ψ] γ (s) = γ(s), cos ψt(s) + sin ψn(s) (cos ψt(s) + sin ψn(s)).
We call it a ψ-pedaloid of γ. If ψ = π/2 + nπ, 3π/2 + nπ for n ∈ Z, then Pe[ψ] γ (s) = Pe γ (s). If ψ = nπ for n ∈ Z, then Pe[ψ] γ (s) = γ(s), t(s) t(s), which is known as a contrapedal (i.e. a C-pedal for short) (cf. [10] ). The C-pedal is denoted by CPe γ (s). Analogous to the notion of pedaloids, we define a φ-slant primitivoid as the envelope of the family of lines with the constant angle φ to the position vector of the curve. Therefore, if φ = π/2 + nπ for n ∈ Z, it is the primitive of the curve. We now give the precise definition as follows: For a unit speed curve γ : Since γ = γ, t t + γ, n n, we have Jγ = − γ, n t + γ, t n. Moreover, we have γ(s) 2 = γ(s), t(s) 2 + γ(s), n(s) 2 , so that Since Jγ = − γ, n t + γ, t n and γ = γ, t t + γ, n n, the last formula is equal to We observe in Fig. 6 that these primitivoids might be similar in shape.
For φ ∈ [0, 2π), we denote the rotation matrix by Moreover, for a ∈ R 2 \ {0}, if we set b = Ja, then we have cos φa + sin φb = cos φa + sin φJa = (cos φI + sin φJ)a = R(φ)a.
Therefore, we have Pr[φ] γ (s) = cos φR(φ)Pr γ (s).
This completes the proof. ✷
We now consider the relation of primitivoids with pedals. For λ ∈ R \ {0}, we consider λγ(s). Since (λγ) ′ (s) = λt(s), we have λt(s) = |λ|, so that t λγ (s) = t(s) for λ > 0 and n λγ (s) = Jt(s) = n(s). We also have t λγ (s) = −t(s) for λ < 0 and n λγ (s) = J(−t(s)) = −n(s). Thus, we have Pe λγ (s) = λPe γ (s). Then we have the following proposition. This completes the proof. ✷
We now consider relations of primitivoids with anti-pedals and parallel primitivoids. As a corollary of Theorem 4.4, we have the following proposition. 
Pedals and primitivoids of frontals
In the previous sections we investigated pedals and primitivoids of regular curves. However, pedals and primitivoids generally have singularities even for regular curves. In the last section we consider the pedal (respectively, the primitivoid) of the primitivoid (respectively, the pedal) of a curve. Therefore, we need to generalize the notions of primitivoids (respectively, pedals) of certain singular curves. One of the natural singular curves in the Euclidean plane for which we can develop the differential geometry is the notion of frontals [4, 5] . We say that (γ, ν) : I −→ R 2 × S 1 is a Legendrian curve if (γ, ν) * θ = 0, where θ is the canonical contact 1-form on the unit tangent bundle T 1 R 2 = R 2 × S 1 (cf. [2] ). The last condition is equivalent to γ(t), ν(t) = 0 for any t ∈ I. We say that γ : I −→ R 2 is a frontal if there exists ν : I −→ S 1 such that (γ, ν) is a Legendrian curve. If (γ, ν) is an immersion, γ is said to be a front. A differential geometry on frontals was constructed in [5] . For a Legendrian curve (γ, ν) : I −→ R 2 × S 1 , we define a unit vector field µ(t) = J(ν(t)) along γ. Then we have the following Frenet type formulae [5] :
where ℓ(t) = ν(t), µ(t) . Moreover, there exists β(t) such thatγ(t) = β(t)µ(t) for any t ∈ I. The pair (ℓ, β) is called a curvature of the Legendrian curve (γ, ν). By definition, t 0 ∈ I is a singular point of γ if and only if β(t 0 ) = 0. Moreover, for a regular curve γ, µ(t) = t(t) and ℓ(t) = γ(t) κ(t). The Legendrian curve (γ, ν) is immersive (i.e. γ is a front) if and only if (ℓ(t), β(t)) = (0, 0) for any t ∈ I. So the inflection point t 0 ∈ I of the frontal γ is a point ℓ(t 0 ) = 0. For more detailed properties of Legendrian curves, see [4, 5] .
In [7, 9] , the pedal of a frontal γ is defined by
We have shown that if there exist δ(t) and σ : I −→ S 1 such that γ(t) = δ(t)σ(t) for any t ∈ I, the pedal Pe γ (t) of γ is a frontal. Moreover, the anti-pedal of γ is defined to be APe γ (s) = 1 γ(t), ν(t) ν(t).
As we remarked for a regular curve γ in §1, the anti-pedal of a frontal γ is the envelope of the family of lines {x | x, γ(t) − 1 = 0} t∈I . On the other hand, for a frontal γ with γ(t), ν(t) = 0, we define the primitive of γ by
We remark that the primitive of γ is the envelope of the family of lines
Therefore we have the following lemma. Then we have the following lemma.
Lemma 5.2. Let (γ, ν) : I −→ (R 2 \{0})×S 1 be a Legendrian curve such that γ(t), ν(t) = 0. Then the primitive Pr γ of γ is a frontal.
Proof. Since γ(t) = 0, Ψ • γ(t) is well defined and it is not equal to the origin. Thus, Pe Ψ•γ is a frontal. By Lemma 5.1, we have Pr γ (t) = Ψ • Pe Ψ•γ (t). Here, Ψ is a diffeomorphism, so that Ψ • Pe Ψ•γ is a frontal. ✷
Once we obtained parametrization of primitivoids of regular curves, we can generalize these notions for frontals. Following Theorems 3.1 and 4.4, we respectively define the r-parallel primitivoid and the φ-slant primitivoid of a frontal γ with γ(t), ν(t) = 0 by r-Pr γ (t) = rPr γ (t) and Pr[φ] γ (t) = cos φR(φ)Pr γ (t).
Then we have the following theorem. 
Since ν(t 0 ) = 1, we have γ(t 0 ) = 2| γ(t 0 ), ν(t 0 ) |. It follows that
. This contradicts to the assumption γ(t), ν(t) = 0. Therefore, Pr γ (t) = 0. We now define ψ r :
Then ψ r is a diffeomorphism and ψ r • Pr γ = r-Pr γ . It follows that r-Pr γ is a frontal. ✷ By the above theorem, we can consider the parallel primitivoids and the slant primitivoids of r-Pr γ (t) and Pr[φ] γ , respectively. The normal vector fields of the above frontals are denoted by ν r-Prγ (t) and ν Pr[φ]γ (t), respectively. We have the following lemma. Proof. By the definition of the primitive of γ, the tangent vector of Pr γ (t) at s is Jγ(t). So that the unit normal is ν Prγ (t) = ±JJ γ γ (t) = ± γ γ (t).
It follows that
Pr γ , ν Prγ = 2γ − γ 2 ν, γ ν, ± γ γ = ± γ = 0.
Since r-Pr γ (t) = rPr γ (t), we have ν r-Prγ (t) = ±γ/ γ (t), so that the first assertion holds. If we set ν φ (t) = R(φ)ν(t), then we have γ φ , ν φ = R(φ)γ, R(φ)ν = γ, ν = 0. By definition, we can show that Pr[φ] γ = cos φPr γ φ . Since γ φ , ν φ = 0, we have
This completes the proof. ✷ Then we have the following theorem. If ψ + φ = π/2 + nπ, then the both sides are zero. ✷ Example 5.6. We give an example of a front and its primitive. We consider a curve defined by γ(θ) = 1 32 (30 cos θ − 17 cos 3θ + 3 cos 5θ), 1 16 √ 2 (sin θ(23 + 4 cos 2θ − 3 cos 4θ)) .
We can show that this curve is a front, which is drawn in Fig. 7 . The picture of the primitive of γ is given in Fig. 8 . The both of the pictures of γ and the primitive in Fig. 9 . We also draw the picture of the family of lines whose envelope is the primitive in Fig. 10 . of γ. We can observe the aperture of the family of lines. Since pictures of all primitivoids are similar to the primitive, we omit to draw these pictures here. We only remark that apertures of slant primitivoids always shrink to the origin. This fact is related to the shape of distorted iris diaphragms of cameras. We will discuss the relationship between iris diaphragms, evolutoids (cf. [6] ) and slant primitivoids in elsewhere.
